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The elegant properties of conformal mappings, when applied to two dimensional
(2D) lattices, find interesting applications in 2D foams and other cellular or close
packed structures. In particular the 2D honeycomb (whose dual is the triangu-
lar lattice) may be transformed into various conformal patterns, which compare
approximately to experimentally realisable 2D foams. We review and extend the
mathematical analysis of such transformations, with several illustrative examples.
New results are adduced for the local curvature generated by the transformation.
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1. Introduction
The relationship w = f(z), where f is any analytical function, can be viewed as
a mapping which sets up a correspondence between the points of the z and w
planes. Such mappings are known as conformal mappings. The geometrical oper-
ations of inversion, reflection, translation and magnification are all examples of
conformal transformations in Euclidean space. Conformal mappings have a number
of interesting properties, the most important being isogonality: any two curves that
intersect are transformed into curves that intersect at the same angle.
Consider a discrete 2D set of points in the z-plane generated by two primitive
vectors: the resulting structure in the image plane, due to a conformal mapping, is
known as a conformal lattice. It is therefore a purely geometrical object. A strictly
conformal crystal is a physical system consisting of particles located on the sites
of a conformal lattice. A conformal crystal is a physical system, in which the ar-
rangement of particles approximates a conformal lattice, see Rothen and Pieran´ski
(1996).
There are numerous examples of conformal crystals occurring both in nature
and in the laboratory; see for example Rothen et al (1993, 1996), despite this the
geometric properties of conformal crystals are at present poorly understood. In the
present paper we examine some of the factors which determine the local curvature
in these conformal patterns. We shall begin our analysis by considering the equation
for the complex curvature, which was derived by by Needham (1997) and also by
Mancini and Oguey (2005 a,b). For a given line in the z-plane, we shall see that
whereas the first derivative of the transforming function relates the direction of
a line to its transformed counterpart, the induced curvature involves the second
Article submitted to Royal Society TEX Paper
2 A Mughal & D Weaire
derivative. Here we shall use the equation for the induced curvature to compute the
mean and mean square curvature of the conformal lattice
One of the most easily recognised examples of a naturally occurring conformal
crystal is the phyllotactic design of a sunflower, see Rothen et. al. (1993). Another
example is the so called “gravity’s rainbow” structure, which is the name given to
the striking arrangement of arches formed by a cluster of magnetised steel balls in an
external force field, see Rothen et. al. (1993). More recently, conformal lattices have
been shown to have a connection with disclinations in 2D crystalline structures, see
Mughal and Moore (2007) and Riviera et. al. (2005).
Conformal crystals can be physically realised by sandwiching an ordered, quasi
2D, foam in a Hele-Shaw cell with non-parallel plates, see for example Drenckhan
et. al. (2004). Yet another method involves the use of ferrofluid foams in magnetic
fields, see Elias et. al.(1999). The advantage of these foam-based methods is that a
variety of conformal crystals can be realised by tuning the geometry of the exper-
iment. However, the use of foams to approximate conformal lattices involves two
complications: firstly as was shown by Mancini and Oguey (2005 a, b) the curvature
of the soap films perpendicular to the glass plates has to be taken into account, sec-
ondly the total curvature of a soap film must always be constant. The limitations
that these conditions impose on realising a given conformal crystal, using foams,
will be discussed in detail below.
The paper is organised as follows. In section 2 we introduce the complex cur-
vature and give some properties of conformal transformations. The relationship
between ordered 2D soap froths and conformal transformations is detailed in sec-
tion 3. In section 4 we calculate the mean curvature and the mean square curvature
of the conformal lattice when the original lattice in the z-plane is free of curvature.
We illustrate these results with some examples which include the case of complex
inversion. In section 5 we generalise our results and include the case where the
original lattice in the z-plane has a curvature. In section 6 we compute the higher
order terms in the expression for the complex curvature.
2. Some Properties of Conformal Transformations
(a) Scaling of Areas
Although a conformal mapping w = f(z) preserves angles (the isogonal prop-
erty) it does not preserve areas. If dsz = (dx
2 + dy2)
1
2 is a small element of line in
the (x,y) plane, upon being mapped to the w-plane it will be magnified and have a
length given by,
dsw =
∣∣∣∣dwdz
∣∣∣∣ dsz = |f1(z)|dsz, (2.1)
where fn(z) is the nth derivative of the function f(z). Hence a small element of
area in the z plane, denoted by dAz , will upon being mapped to the w-plane have
an area
dAw =
∣∣∣∣dwdz
∣∣∣∣2 dAz = |f1(z)|2dAz . (2.2)
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Figure 1. (a) For simplicity we choose to consider a straight line K, in the z-plane, which
has no curvature (i.e. κ = 0). As shown the tangent vector ξ̂(φ) at the point p makes an
angle of φ with the x axis. (b) In the image plane the effect of the analytical mapping is
to yield a curve K˜, the curvature of which is given by κ˜. After Needham (1997)
(b) Complex Curvature
Consider a curve K in the z-plane: if we apply an analytical mapping f to this
curve then it will transform into another curve in the image plane, which we denote
by K˜. Let us now choose some arbitrary point on K which we denote by p = x+iy =
reiθ. The unit tangent vector to the curve at point p is given by ξ̂(φ) = eiφ, where
φ is the angle the tangent vector makes with the x axis; for an illustration see Fig.
(1a). Upon applying an analytical transformation, point p is mapped to a new point
in the image plane which has coordinates f(p) = u+ iv = ReiΛ. It has been shown,
see Needham (1997), that if the instantaneous curvature of K at the point p is given
by κ, then the instantaneous curvature at f(p) is given by,
κ˜ =
1
|f1(p)| Im
[
f2(p)
f1(p)
ξ̂(φ)
]
+
κ
|f1(p)| , (2.3)
where Im is the imaginary component, see Fig.(1b). The first term in Eq. (2.3) is the
curvature in the image plane if K is a straight line. If however K has a curvature κ,
then in the image plane this additional curvature is scaled by a factor of 1/|f1(p)|;
again see Needham (1997) for a beautiful derivation of these and other results.
The utility of Eq. (2.3) can be demonstrated by a short example. Consider the
mapping,
w = f(z) = zα, (2.4)
where
f1(z) = αz
α−1 and f2(z) = α(α − 1)zα−2, (2.5)
and let us represent the z-plane and the image plane in terms of complex polar
coordinates so that,
z = reiθ and w = ReiΛ.
Upon substituting Eq. (2.5) into Eq. (2.3), we find that the the effect of mapping
a straight line in the z-plane (i.e. κ = 0) is to yield a curve in the w-plane with
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Figure 2. From Drenckhan et. al. (2004): a realisation of the logarithmic map (also known
as the gravity’s rainbow structure). (a) Experimental setup. Monodisperse bubbles are
trapped between two glass plates, the lower plate is horizontal while the upper plate is
angled. This arrangement induces specific variation of the bubble area with position in
the foam. (b) Numerical mapping of the perfect honeycomb using the transformation
w = (iα)−1 log(iαz). (c) Experimentally obtained pattern. The shading shows how lines
that were initially straight are transformed.
curvature,
κ˜ =
1
αrα−1
Im
[
α− 1
z
ξ̂(φ)
]
.
Writing out ξ̂(φ) explicitly and simplifying, this becomes,
κ˜ =
1
αrα−1
Im
[
α− 1
reiθ
(
eiφ
)]
=
α− 1
α
1
rα−1
Im
[
ei(φ−θ)
r
]
=
α− 1
α
1
rα
sin(φ− θ).
Note, the curvature is expressed in terms of the coordinates of the z-plane. To get
the curvature in the w-plane we must use the relationship R = rα, which gives
κ˜ =
α− 1
α
1
R
sin(φ− θ).
Thus the maximum curvature occurs when the tangent vector is perpendicular to
the vector connecting the origin to the point p and is given by,
|κ˜max| = α− 1
α
1
R
. (2.6)
This means that lines, in the z-plane, drawn perpendicular to the vector connecting
the origin with point p will acquire the greatest curvature, while lines drawn parallel
to it will not suffer any curvature.
3. Properties of 2D Soap Foams and Their Relationship to
Conformal Transformations
A dry 2D foam consists of 2D bubbles separated by lines which meet at vertices.
Such a foam can be represented by a network consisting of 2D cells separated by
Article submitted to Royal Society
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1D edges. Equilibrium conditions impose strict restrictions on the topology and
geometry of such a foam network (see Weaire and Hutzler (2001)): Plateau’s law
stipulates that the edges can intersect only three at a time and must do so at an
angle of 2pi/3; the edges themselves have a constant curvature (circular arcs) and the
curvature is related to the corresponding pressure difference between the adjacent
bubbles by the Laplace-Young relation. It follows that the sum of the curvatures of
the three edges at a given vertex vanishes, or equivalently that the mean curvature
of the adjoining edges vanishes.
All of the above conditions are automatically satisfied by complex inversion,
f(z) = 1/z, or more generally a bilinear conformal transformation which has the
form
f(z) =
az + b
cz + d
.
It can be decomposed into four sequential transformations: translation, inversion,
expansion and rotation, and a final translation, see Needham (1997). Of these only
inversion is non-trivial. Conformality ensures that the mean curvature at each vertex
vanishes, while only complex inversion (or a bilinear transformation) has the special
property that it will map a circular arc into another circular arc. Given a dry 2D
foam structure at equilibrium, inversion will therefore produce a new equilibrium
structure; this was discussed by Weaire (1999) who used it to provide a neat proof
of the Decoration Theorem.
A quasi 2D foam can be realised by sandwiching a single layer of bubbles between
a pair of narrowly separated glass plates(Hele-Shaw cell). In the ideal case, if all the
bubbles trapped in the Hele-Shaw cell have the same volume (monodisperse), then
an ordered quasi 2D foam can be realised. Upon viewing the Hele-Shaw cell from
above (i.e. from the direction perpendicular to the plates) the bubbles are observed
to form a honeycomb structure.
Let us now assume that the bottom plate of the Hele-Shaw cell is flat while
the upper plate is slightly angled or curved, if the bubbles are monodisperse, then
this imposes a specific variation in the area of the bubbles. The variation in the
bubble area can be made to closely match the variation required by a given con-
formal transformation - as stipulated by Eq. (2.2). Note that although the area
of the bubbles (as observed from the direction perpendicular to the bottom plate)
may change their volume remains constant, thus the height of the upper surface is
related to the analytical function f(z) by h(w) = 1/dAw. This fact has been used
to transform the (straight-edged) honeycomb structure, in a variety of ways, to
generate approximations of conformal lattices (i.e. conformal crystals) Drenckhan
(2004), see for example Fig. (2).
In the case of a quasi 2D foam it is important to remember that the boundaries
between bubbles are in fact 2D soap films and not 1D edges, as they are often ap-
proximated. Thus, as noted by Mancini and Oguey (2005 a,b), the mean curvature
of the soap film H is the average of the transverse curvature κt (i.e. the curvature
of soap film in the direction perpendicular to the glass plates) and longitudinal
curvature κ (i.e. the curvature parallel to the glass plates),
H =
1
2
(κ+ κt).
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Mancini and Oguey considered two cases. The first is the trivial case when the
internal pressure is the same for all bubbles in the conformal crystal and thus
κt = −κ and H = 0. From an experemental perspective this case is somewhat
artifical. Of more direct relevance to experimental situations is the second case
where the volume of all the bubbles is the same. In this case it is found that
κt = −2κ and therefore that the mean curvature does not vanish and is given by
H = − 12κ.
Since in the case of constant volume bubbles, in general the longitudinal curva-
ture κ - and therefore the mean curvature H - is not constant for a given arc it is
important to know by how much the total curvature deviates from being a constant
(as required by the conditions of equilibrium). This discrepancy sets a limit on the
applicability of conformal transformations in the context of foams. In section VI we
calculate the magnitude of this discrepancy to lowest order.
4. Lattice Curvature and Conformal Transformations
In this section we shall examine the curvature that a lattice, in the z-plane, acquires
upon being mapped to the w-plane. Although the triangular lattice is of primary
importance, the results derived are general enough to include other structures. This
includes the square lattice and the honeycomb structure. To keep things simple we
only consider the case where the original edges in the z-plane, connected to a given
vertex, are free of curvature. This condition will be relaxed in the next section.
Consider a vertex in the z-plane located at p=x+iy. Connected to this vertex
m ≥ 3 straight edges labbled ξn, with n = 0, 1, 2...m, see Fig. (3). The angular
separation between the tangent vectors of successive edges being equal to 2pi/m. In
the case ofm = 6 orm = 4 it is possible to define two edges, which are connected to
the vertex, as primitive vectors and thus tessellate the z-plane forming a triangular
or square Bravais lattice, respectively. We cannot, however, generate the honeycomb
structure in the same way (using a vertex with n = 3) since the honeycomb structure
is not a Bravais lattice. Nevertheless we can tessellate the z-plane with a honeycomb
structure, in a unique way, by making a Voronoi construction of the points which
define a triangular lattice. This is because the triangular lattice and the honeycomb
structure together define a Voronoi/Delaunay dual.
In each case the tessellation in the z-plane can be thought of as consisting a
vertex to which their are connected a number of straight edges of finite length. In
the following we shall examine the effect a conformal mapping has on these edges.
We shall compute their curvature in the image plane - from which we can compute
the mean and mean square curvature of the edges connected to a given vertex in
the image plane.
(a) The Complex Curvature of an Edge Upon Being Mapped to the Image Plane
Upon applying an analytical mapping, the vertex will now be located at a point
f(p)=u+iv in the w-plane. Since all the edges are straight, using Eq. (2.3) it is found
that the m edges have a new curvature in the image plane given by,
κ˜n =
1
|f1(p)| Im
[
f2(p)
f1(p)
ξ̂n
]
=
|f2(p)|
|f1(p)|2 Im
[
eiΘξ̂n
]
, (4.1)
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Figure 3. Consider a vertex located at point p in the z-plane, connected to which there are
m straight edges. From the point p we can draw tangent vectors along each edge which is
denoted by ξ̂0,ξ̂1...ξ̂m−1. The angular separation between the tangent vectors is given by
2pi/m. We define an angle γ which is the angle between the x-axis and the first vector ξ̂0.
Thus the angle that the nth vector makes with the x axis is 2pin/m+ γ. Clearly the edges
are invariant under a rotation of 2pi/m and so we restrict γ to the range 0 ≤ γ < 2pi/m.
where we have set (i.e. κn = 0 i.e. the curvature of the edges in the z plane). We
also have
Θ = θ2 − θ1 = Arg
[
f2(p)
f1(p)
]
,
and Arg stands for the complex argument. From here on we shall adopt the notation
that
θn = Arg[fn(p)].
The nth tangent vector is given by,
ξ̂n = e
i( 2pin
m
+γ),
where γ is the angle made by the 0th tangent vector, in the z-plane, with the x
axis. This is shown schematically in Fig. (3). Eq. (4.1) can be written as,
κ˜n =
|f2(p)|
|f1(p)|2 sin
(
Θ+
2pin
m
+ γ
)
=
|f2(p)|
|f1(p)|2 sin
(
s+
2pin
m
)
, (4.2)
where s = γ +Θ.
(b) The Mean Complex Curvature of the Edges, Connected to a Given Vertex, in
the Image Plane
Let us define the mean curvature of the edges in the z-plane as,
Cm =
1
m
n=m−1∑
n=0
κn,
similarly, the mean curvature of the edges in the w-plane as,
C˜m =
1
m
n=m−1∑
n=0
κ˜n =
1
m
|f2(p)|
|f1(p)|2
n=m−1∑
n=0
sin
(
s+
2pin
m
)
= 0, (4.3)
Article submitted to Royal Society
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Figure 4. (a): a circular disk cut out of a triangular lattice in the z plane, where the angle
between each successive heavy line is pi/3. Clearly the lattice lines are free of curvature.
Upon applying a conformal transformation, (b): w = z1/2 and (c): complex inversion, i.e.
w = 1/z, the result is a conformal lattice in the image plane. Note that in the case of
w = z1/2 the conformal lattice has been produced by allowing the range of the z plane to
extend to φ < 4pi. In both cases the mean curvature vanishes everywhere but the mean
square curvature does not. Also the mean square curvature diverges at the origin, which
for both transformations is a critical point. At the critical point the angle preserving
property of the transformation breaks down, this can be easily seen in the case of the
w = z1/2 transformation - instead of being preserved, the angle pi/3 between rays (heavy
lines) emanating from the origin is halved.
where we have substituted Eq. (4.2) into Eq. (4.3). This result is rather trivial it
merely expresses the fact that in the image plane, connected to each vertex, there
are pairs of opposed edges for which the sum of their curvatures always vanish.
(c) The Mean Square Value of the Complex Curvature of the Edges, Connected to
a Given Vertex, in the Image Plane
Since the mean curvature always vanishes, the mean square curvature of the
edges in the z-plane is simply defined as,
Qm =
1
m
n=m−1∑
n=0
kn
2, (4.4)
and in the w-plane the mean square curvature is,
Q˜m =
1
m
n=m−1∑
n=0
k˜n
2
=
1
m
( |f2(p)|
|f1(p)|2
)2 n=m−1∑
n=0
sin2
(
s+
2pin
m
)
=
1
2
( |f2(p)|
|f1(p)|2
)2
.
(4.5)
where we have substituted Eq. (4.2) into Eq. (4.5). Thus the mean square curvature
of the edges, connected to a given vertex in the image plane, is independent with
respect to the orientation of the vertex in the image or z planes.
(d) Examples
To illustrate the results derived for the mean and mean square curvature, we
now examine two conformal lattices which have been generated by applying a trans-
Article submitted to Royal Society
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1χ
2χ
3χ
f(p)
Figure 5. This diagram shows the effect of the transformation f(z) on a hexagonal lattice
cell, which in the z plane has its centre at p. In the w-plane the lattice cell becomes
deformed and its centre is now to be found at f(p). The deformed hexagonal cell can be
decomposed into three arcs which cross the centre of the cell. Each arc can in turn be
decomposed into points, to which we fit the equation of a circle. From this it is possible
to calculate the curvature of each arc, represented here by χ1, χ2 and χ3.
Figure 6. Mean square curvature for the mapping (a) f(z) = z1/2 and (b) f(z) = 1/z.
formation to a circular disk cut out of a triangular lattice. Just such a cut out is
shown in Fig.(4a), it can be seen that the lattice is free of curvature. Applying
the mapping f(z) = z1/2 to the triangular lattice in the z-plane yields a conformal
lattice in the image plane, see Fig.(4b). From Eq. (4.5) the mean square curvature
is found to be
Q˜m =
1
2r
=
1
2R2
, (4.6)
where we have transformed from the coordinates in the z-plane (r, λ) to the w-plane
coordinates (R,Λ). Similarly, the effect of inversion is shown in the bottom part of
Fig.(4). To compute the mean square curvature we substitute f(z) = 1/z into Eq.
(4.5), which yields,
Q˜m =
r2
2
=
2
R2
. (4.7)
To verify our results we estimate the mean square curvature directly from the
transformed lattice. To do so, note that any given hexagonal cell in the image plane
can be decomposed into three arcs which cross the the centre of the cell at f(p), as
shown in Fig. (5). Each of these three arcs can be further decomposed into three
Article submitted to Royal Society
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points which can be used to fit the equation of a circle, from which the curvature
of the arc can be readily computed. Let us denote the three directly computed
curvatures as χ1, χ2 and χ3. We can define the mean square curvature as,
|χ|2 = 1
3
(χ21 + χ
2
2 + χ
2
3). (4.8)
Thus, for the two conformal lattices shown in fig 4, we can estimate the mean square
curvature for a given vertex using Eq. (4.8). The results are shown by the circles in
Fig. (6) along with the theoretical results Eq. (4.6) and Eq. (4.7).
Except in the case of complex inversion there will be a difference between the
analytical value of the curvature and the estimated curvature. This is due to the
fact that the curves to which we have fitted the circles are not themselves circular
arcs. We quantify this discrepancy in section VI of this paper.
5. Some Generalisations
In the previous section we considered a vertex, in the z-plane, to which there are
connected a finite number of straight edges. We found that when the vertex is
mapped to the image plane the mean curvature of the edges vanishes and that the
mean square curvature is independent with respect to the orientation of the vertex.
Let us now consider the case where the edges connected to a vertex, in the
z-plane, have some initial curvature. Let us also assume that the number of edges
connected to the vertex is infinite. As the number of edges tends to infinity, the
tangent vectors together describe a circle of unit radius centred on the vertex. Upon
averaging over the length of the circle the mean curvature of the edges in the z-plane
can be written as,
C =
1
2pi
∫ 2pi
0
κ(φ)dφ, (5.1)
where κ(φ) is now a continuous function over the range 0 ≤ φ < 2pi and describes
the curvature of the edges in the z-plane. Similarly, the mean curvature of the edges
upon being transformed to the w-plane is given by,
C˜ =
1
2pi
∫ 2pi
0
κ˜(φ)dφ. (5.2)
where we define,
κ˜(φ) =
1
|f1(p)| Im
[
f2(p)
f1(p)
ξ̂(φ)
]
+
κ(φ)
|f1(p)| , (5.3)
Eq. (5.3) can be written as
κ˜(φ) =
1
|f1(p)| Im
[
TeiΘξ̂(φ)
]
+
κ(φ)
|f1(p)| =
|f2(p)|
|f1(p)|2 Im
[
eiΘξ̂(φ)
]
+
κ(φ)
|f1(p)| ,
where T and Θ have the same definitions as in section IV. Writing out ξ̂(φ) explicitly
and simplifying gives
κ˜(φ) =
|f2(p)|
|f1(p)|2 sin(Θ + φ) +
κ(φ)
|f1(p)| . (5.4)
Article submitted to Royal Society
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Substituting Eq. (5.4) into Eq. (5.2) yields,
C˜ =
1
2pi
|f2(p)|
|f1(p)|2
∫ 2pi
0
sin(Θ + φ)dφ +
C
|f1(p)| =
C
|f1(p)| . (5.5)
Thus the conformal transformation scales the original mean curvature by the mag-
nification factor 1/|f1(p)| of the transformation (see Eq. (2.1)).
Since the mean curvature does not necessarily vanish, we define the mean square
curvature in the z-plane as,
Q =
1
2pi
∫ 2pi
0
(κ(φ)− C)2 dφ, (5.6)
similarly we define the mean square curvature in the w-plane as,
Q˜ =
1
2pi
∫ 2pi
0
(
κ˜(φ)− C˜
)2
dφ =
1
2pi
∫ 2pi
0
(
κ˜(φ)
2 − 2C˜κ˜(φ) + C˜2
)
dφ, (5.7)
substituting Eq. (5.4) into Eq. (5.7) and performing the resulting integrals gives,
Q˜ =
1
2
( |f2(p)|
|f1(p)|2
)2
+
Q
|f1(p)|2 +
1
pi
|f2(p)|
|f1(p)|3
∫ 2pi
0
κ(φ) sin(Θ + φ)dφ. (5.8)
The first term is the mean square curvature of the edges in the image plane if
the edges in the z-plane have no curvature. The second term simply states that
the original mean square curvature of the edges is scaled by a factor of 1|f1(p)|2.
The third term is a coupling between the original curvature of the edges and the
transformation f(z). To get a better understanding of the third term let us label it
as Q˜3. It can be written as,
Q˜3 =
1
pi
|f2(p)|
|f1(p)|3
∫ 2pi
0
κ(φ)(sinΘ cosφ+ cosΘ sinφ)dφ. (5.9)
Since κ(φ) is an arbitrary function which exists over the interval 0 ≤ φ < 2pi, it is
natural to express it in terms of a Fourier series, so that,
κ(φ) =
1
2
a0 +
∞∑
q=1
aq cos(qφ) + bq sin(qφ). (5.10)
Substituting Eq. (5.10) into Eq. (5.9) we find,
Q˜3 =
|f2(p)|
|f1(p)|3 (a1 sinΘ + b1 cosΘ), (5.11)
thus the only contribution to the mean square curvature is from the mode q = 1.
The contributions from all other modes cancel out, so that an increase in mean
square curvature for a given edge is cancelled out by a decrease in mean square
curvature for some other edge. Furthermore Eq. (5.11) depends on the orientation
of the vertex in the z-plane through the angle Θ. The turning points (i.e. the the
maximum and minimum mean square curvature) depend on the values of the co-
efficients a1 and b1 and are located at Θ = tan
−1(a1/b1) and Θ = tan
−1(a1/b1)+pi.
Thus when the edges in the z-plane are not free of curvature the effect of the
conformal mapping is to scale the mean curvature, while the mean square curvature
is found to be no longer independent with respect to orientation of the vertex.
Article submitted to Royal Society
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Figure 7. (a) This diagram shows a straight line K in the z-plane. The line starts at the
point labelled p and ends at q, it has a total length L. At both points the unit tangent
vector has the same direction and makes an angle of φ with the x-axis. (b) This diagram
shows the resulting curve K˜ in the image plane due to the conformal mapping w = f(z).
The curve begins at the point labelled f(p) and ends at f(q) and now has a length l˜. In
general the angle that the tangent vectors make at f(p) and f(q), which are labelled φ˜1
and φ˜2 respectively, will no longer be equal.
6. Higher Order Terms in the Complex Curvature
For a given 2D plane curve its curvature is defined as the rate of change of the angle
of the tangent vector with respect to the distance along the curve. We can think
of this as limiting process: take two tangent vectors a short distance apart on the
curve, measure the angle they make with respect to a fixed axis, and take the limit
in which the separation between the tangent vectors vanishes. This then gives the
instantaneous value of the curvature.
Consider a 2D plane curve in the image plane which has been generated by
applying a complex mapping to some curve in the z plane. We can choose a pair of
points on the image curve a finite distance apart and for both points construct a
tangent vector. Thus we can ask: what is the rule which gives the total difference
in angle between the two tangent vectors?
In this section we derive an expression for the average complex curvature which
we define as: the total change in the angle of the tangent vector over a segment of
a curve averaged over the length of the segment. The result is a series expansion
in which Eq. (2.3) is the lowest order term. This series expansion will lead us to
an expression which can be used to measure the degree to which a given image arc
differs from being perfectly circular. Here we shall only consider the effect of the
mapping w = f(z) on a straight line in the z-plane. Furthermore, we shall assume
that the effect of the mapping is to produce a open, simple and well behaved curve
in the image plane.
Consider a straight line K in the z plane, which joins point p to q and let us
assume it has a length |ξ|. This is shown in Fig. (7a). At p we have drawn the unit
tangent vector ξ̂ = eiφ, so that the vector joining p to q is given by
ξ = |ξ|ξ̂(φ). (6.1)
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The line K is described by the equation
K = z(t) = p+ tξ̂ = reiθ + teiφ, (6.2)
where 0 ≤ t ≤ |ξ|. Note that at t = 0 we have z = p and at t = |ξ| we have
z(|ξ|) = q = p+ ξ = reiθ + |ξ|eiφ.
Thus K has been parametrised by the free parameter t which measures the dis-
tance along K from the point p. The line K has a real component and imaginary
components
x(t) = r cos θ + t cosφ and y(t) = r sin θ + t sinφ.
respectively.
Now consider what happens if we apply an analytical mapping w = f(z) to K,
the result is a new curve K˜ in the image plane which starts at the point labelled
f(p) and ends at f(q) - as shown in Fig. (7b). This curve now has some new length
which we call l (not to be confused with the chord distance between f(p) and f(q)).
We define the average complex curvature of the image curve K˜ as
K˜ =
∆φ˜
l
=
φ˜2 − φ˜1
l
. (6.3)
where the tangent vectors at f(p) and f(q) are labelled ξ̂1 and ξ̂2 and make an
angle of φ˜1 and φ˜2, respectively, with the the u axis.
If for Eq. (6.3) we keep the point p fixed and take the limit in which |ξ| goes to
zero we recover the instantaneous curvature of the curve K˜ at the point f(p), that
is
κ˜(p) = lim
|ξ|→0
K˜,
Let us now define the difference between the instantaneous curvature of the
image arc at its starting point and the average curvature of the arc, which we
denote as
∆K˜ = K˜− κ˜(p).
We note that if the image arc is a perfect circle then the instantaneous curvature
has a constant value at every point on the arc and therefore |∆K˜| = 0. This fact
can be used to quantify the degree to which the image curve deviates from perfect
circularity.
In the context of 2D and quasi 2D foams it is important to know the degree
to which a given arc, generated by a conformal mapping, deviates from perfect
circularity. Laplace’s law requires that the curvature of a soap film is constant,
therefore for a 2D soap film a large value of |∆K˜| implies a large error in how well
the soap film approximates the conformal lattice. The same holds true for quasi
2D foams (in the constant volume regime), except that we have to remember that
the total curvature of the soap film, i.e. the sum of longitudinal (κ = κ(p))and
transverse (κt) curvatures, has an instantaneous value of
H = −1
2
κ˜(p).
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In either case Laplace’s law is satisfied only if the soap film has a constant lon-
gitudinal curvature, i.e. it describes a circular arc when viewed from a direction
perpendicular to the bottom plate of the Hele-Shaw cell.
In the following we shall decompose the task of finding K˜ into two parts: firstly
we compute l and secondly we compute ∆φ˜.
(a) Arc Length in the Image Plane
As stated above: the real and imaginary components of the line K are a function
of the free parameter t. Upon mapping K to the image plane, (using the analyt-
ical function w = f(z)) the result is the image curve K˜ - the real and imaginary
components of which are also functions of the free parameter t and denoted by u(t)
and v(t), respectively. We can write the real and imaginary components of K˜ in the
form of a series expansion about the point p (i.e. t = 0), giving
u(t) = u+ t
ut
1!
+ t2
utt
2!
+ ...+ h.o.t. (6.4)
and also
v(t) = v + t
vt
1!
+ t2
vtt
2!
+ ...+ h.o.t. (6.5)
where,
u = u(t)|t=0 = u(0) (6.6)
ut =
du(t)
dt
∣∣∣∣
t=0
(6.7)
utt =
d2u(t)
dt2
∣∣∣∣
t=0
(6.8)
and so on. We also define vt and vtt (and higher order terms) in a similar manner.
The total length of the arc K˜ is given by,
l =
∫ |ξ|
0
√(
du(t)
dt
)2
+
(
dv(t)
dt
)2
dt. (6.9)
We can substitute Eq.(6.4) and Eq.(6.5) into Eq.(6.9), then expand the integrand
in powers of t, and integrate each term with respect to t to give,
l = l0|ξ|+ l1|ξ|2 + l2|ξ|3...+ h.o.t. (6.10)
where we assume that |ξ| is small enough to guarantee convergence of the series.
The coefficients in Eq.(6.10) are defined as
l0 =
√
ut2 + vt2 (6.11)
l1 =
1
2
ututt + vtvtt√
ut2 + vt2
(6.12)
l2 =
1
6
√
ut2 + vt2
[
utt
2 + ututtt + vtvttt + vtt
2
√
ut2 + vt2
− (ututt + vtvtt)
2
2(ut2 + vt2)2
]
. (6.13)
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We notice that the coefficients given by Eq.(6.11) to Eq.(6.13) (and higher order
terms) are defined with respect to the parameter t. In order to express the coeffi-
cients in terms of the complex number z we use Eq. (6.2) from which we have the
relationship dz/dt = eiφ, this can be rearranged to give dt = e−iφdz. Thus Eq.(6.6)
to Eq.(6.8) (and higher order derivatives) can be written as
dnu
dtn
∣∣∣∣
t=0
= Re
[
dnw
dtn
∣∣∣∣
t=0
]
= Re
[
dnw
(e−iφdz)n
∣∣∣∣
z=p
]
= Re
[
dnw
dzn
∣∣∣∣
z=p
einφ
]
= |fn(p)|Re
[
ei(θn+nφ)
]
= |fn(p)| cos(θn + nφ) (6.14)
where we have made a change of variable from t to z and used the fact that at t = 0
we have z = p; also we used
dnw
dzn
∣∣∣∣
z=p
= |fn(z)|eiArg[fn(z)]
∣∣∣
z=p
= |fn(p)|eiθn .
Similarly for the derivatives vt and vtt (and higher order terms), we have,
dnv
dtn
∣∣∣∣
t=0
= |fn(p)| sin(θn + nφ). (6.15)
Finally, the coefficients given by Eq.(6.11) to Eq.(6.13) can be expressed in terms
of Eq.(6.14) and Eq.(6.15) to give
l0 = |f1(p)| (6.16)
l1 =
|f1(p)|
2
Re
[
f2(p)
f1(p)
ξ̂(φ)
]
(6.17)
l2 =
|f1(p)|
12
(
|f2(p)|2
|f1(p)|2 − Re
[(
f2(p)
f1(p)
ξ̂(φ)
)2
− 2
(
f3(p)
f1(p)
ξ̂(φ)
2
)])
(6.18)
Upon substituting Eq.(6.16), Eq.(6.17) and Eq.(6.18) into Eq.(6.10) we have a
series expansion in powers of the |ξ|. We note that the lowest order term in Eq.(6.10)
is identical to Eq.(2.1).
(b) Change in the angle of the tangent vector in the image plane
We now compute the difference in angle, ∆φ˜ = φ˜2− φ˜1, of the tangent vectors in
the image plane. This derivation is adapted from the one used by Needham (1997)
to compute the instantaneous curvature. The difference here is that we endeavour
to retain all details which may yield higher order terms in the expression for ∆φ˜.
Consider again the the straight line K in the z-plane, as shown Fig. (7). Note
that the tangent vector at p upon being mapped by the function w = f(z) is, after
being translated to f(p), magnified by a length |f1(p)| and rotated by an angle
Arg[f1(p)]. Similarly, upon applying the mapping w = f(z), the tangent vector at
q is, after being translated to f(q), magnified by a length |f1(q)| and rotated by
an angle Arg[f1(q)]. However, the rotation of the tangent vector at f(q) will differ
very slightly by ∆φ˜ from the rotation suffered by the tangent vector at f(p).
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Figure 8. After Needham (1997): (a) This diagram shows two points p and q in the z
plane. (b) Upon applying the mapping f1(z) = df(z)/dz the points are mapped to f1(p)
and f1(q), which are connected by the vector χ. Note that to transform f1(p) into f1(q) it
is necessary to magnify f1(p) by some factor and to rotate f1(p) by the angle denoted by
σ. (c) This triangle is the result of dividing all the vectors shown in (b) by the complex
number f1(p). Dividing by f1(p) has two effects: firstly the triangle is rotated so that
one of its sides is now parallel to the real axis, secondly all the sides of the triangle are
uniformly scaled. This second effect means that the new triangle is similar to the triangle
shown (b).
To compute the difference in angle between the tangent vectors consider the two
points p and q as shown in Fig. (8a), upon applying the mapping f1(z) the points
are now located at f1(p) and f1(q), respectively. Where the vector connecting f1(p)
to f1(q) is labelled χ and is given by
χ = f1(q)− f1(p) = f2(p)ξ̂|ξ|+ 1
2!
f3(p)ξ̂
2|ξ|2 + 1
3!
f4(p)ξ̂
3|ξ|3...+ h.o.t
where we have made use of Eq.(6.1).
Note, with reference to Fig. (8b), that to transform the vector f1(p) into the
vector f1(q) it is necessary to expand the length of f1(p) by some factor and to
rotate the vector f1(p) by an angle σ. It is this angle σ which is the extra rotation
suffered by the tangent vector at f(q) compared to the rotation of the tangent
vector at f(p), i.e. σ = ∆φ˜. Our task is to compute the angle σ shown on the
right hand side of Fig. (8). Note, σ is part of a triangle whose sides are given by
the known vectors χ, f1(p) and f1(q). To compute σ we rotate the triangle shown
in Fig. (8b) to the real axis by dividing by f1(p) (this is the same trick used by
Needham (1997)), the result is shown in Fig. (8c), this new triangle is geometrically
similar to the original triangle shown in Fig. (8b). The side along the real axis has
a length 1 and in addition the point ν is given by the vector
ν = [χ/f1(p)]. (6.19)
By a simple application of trigonometry we have
∆φ˜ = σ = tan−1
(
Im[ν]
1 + Re[ν]
)
. (6.20)
Upon substituting Eq.(6.19) into Eq.(6.20), we can expand Eq.(6.20) in powers of
|ξ| (we assume that |ξ| is small enough to allow convergence) to give,
∆φ˜ = σ = σ0|ξ|+ σ1|ξ|2 + σ2|ξ|3...+ h.o.t. (6.21)
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where we have made use of Eq.(6.19), we find
σ0 = Im
[
f2(p)
f1(p)
ξ̂(φ)
]
(6.22)
σ1 =
1
2
Im
[(
f3(p)
f1(p)
−
(
f2(p)
f1(p)
)2)
ξ̂(φ)
2
]
(6.23)
σ2 = Im
[(
1
3
(
f2(p)
f1(p)
)3
− 1
2
(
f2(p)f3(p)
(f1(p))2
)
+
1
6
(
f4(p)
f1(p)
))
ξ̂(φ)
3
]
(6.24)
(c) The Average Complex Curvature
Substituting Eq.(6.10) and Eq.(6.21) into Eq. (6.3) and expanding in powers of
|ξ| yields,
K˜ = K˜0 + K˜1|ξ|+ K˜2|ξ|2 + ...h.o.t (6.25)
where we find,
K˜0 = κ˜ =
1
|f1(p)| Im
[
f2(p)
f1(p)
ξ̂(φ)
]
K˜1 =
1
2|f1(p)|
(
Im
[
f3(p)
f1(p)
ξ̂(φ)2
]
− 3
2
Im
[(
f2(p)
f1(p)
ξ̂(φ)
)2])
K˜2 =
1
48|f1(p)|
(
3|f2(p)|2
|f1(p)|2 Im
[
f2(p)
f1(p)
ξ̂(φ)
]
+ 27Im
[(
f2(p)
f1(p)
ξ̂(φ)
)3]
− 2|f2(p)|
2
|f1(p)|2 Im
[
f3(p)
f2(p)
ξ̂(φ)
]
− 34Im
[
f2(p)f3(p)
(f1(p))2
ξ̂(φ)
3
]
+ 8Im
[
f4(p)
f1(p)
ξ̂(φ)
3
])
In effect Eq.(6.25) gives the total change in the angle of the tangent vector in
the image plane, as it traverses the image curve, averaged over the length of the
curve. We observe that as |ξ| → 0 then K˜ → K˜0 = κ˜, giving the instantaneous
curvature of the image curve at the point f(p).
Example f(z) = z3
Let us apply Eq.(6.25) to a simple example, we choose the complex mapping
f(z) = z3. Consider again the a straight line in the z-plane given by Eq.(6.2), and
let us set r = 1, θ = 0, φ = pi/2 and |ξ| = 0.1, so that we have
K = z(t) = 1 + tei
pi
2 , (6.26)
and 0 ≤ t ≤ 0.1, the result is the straight line shown in Fig. (9a). Upon applying
the conformal transformation f(z) = z3 the result is the curve shown in Fig. (9b).
The derivatives for the function f(z) = z3 are given by f1(z) = 3z
2, f2(z) = 6z,
f3(z) = 6, with all higher derivatives being equal to zero. Upon evaluating these
derivatives at the point p = reiθ = 1ei0 = 1 we have f1(p) = 3, f2(p) = 6 and
f3(p) = 6; together with the angle of the tangent vector to the straight line at the
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Figure 9. (a) A straight line in the z-plane, with r = 1, θ = 0, φ = pi/2 and |ξ| = 0.1
(b) The resulting curve in the image plane generated by applying the conformal mapping
f(z) = z3 to the straight line defined by Eq.(6.26)
point p (i.e. φ = pi/2) and the length of the straight line in z-plane (|ξ| = 0.1), we
find
K˜0 =
1
3
Im
[
6
3
eipi/2
]
=
2
3
sinpi/2 =
2
3
and similarly K˜1 = 0, K˜2 = −1/2.25, K˜3 = 0 and K˜4 = 0.281481; thus up to fourth
order in |ξ| we have K˜ ≈ 0.66225037.
This value can be compared to a numerically computed value. To do so, for
the curve shown Fig. (9b), we need to compute the length of the curve and the
total change in the angle of the tangent vector. This can be done by taking a large
number of equally spaced points on the curve. By drawing a straight line between
any two adjacent points we get a series of segments which approximate the curve,
the approximation improves as more points are taken. It is then a simple matter
for a computer to calculate the length of each segment and to find the total length
of the curve by summing up the lengths of all the segments. To compute the total
change in the angle of the tangent vector: we first compute the angle that the first
segment makes with the u axis, then we compute the angle that the final segment
makes with the u axis, by taking the difference between the two we find the change
in the angle of the tangent vector between the start and the end of the curve. Upon
taking 1x105 such equally spaced points on the curve shown in Fig. (9b) we have an
numerically computed value for the average curvature, giving K˜Num = 0.6622435.
It is clear that Eq.(6.25) is converging to K˜Num as more terms are taken.
(d) Mean Square of the Average Complex Curvature
For the instantaneous curvature we found it useful to compute the mean square
curvature, see Eq. (4.5), which is independent of the orientation of the vertex and
therefore serves as a useful measure of how strongly the conformal lattice is curved
at any given point in the image plane. Similarly we can compute a mean square
value of the average complex curvature. We find that this leads to a series expansion
in which the lowest order term is the mean square curvature given by Eq. (4.5).
When the higher order terms in this expansion vanish it means that all the image
edges, at that particular point in the image plane, have a constant curvature. If on
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the other hand the higher order terms do not vanish this means that Laplace’s law,
for a 2D or quasi 2D foam used to realise the conformal lattice, cannot be perfectly
satisfied for every edge. The magnitude of the higher order correction serve as an
estimate of the discrepancy between the foam and the conformal map, in most
practical cases the discrepancy can be assumed to be negligible if the leading order
correction in the expansion is small.
Consider again a vertex p in the z-plane to which there are connected a number
of straight edges of length |ξ| separated by a constant angular separation, such as
that shown in Fig. (3). Upon being mapped to the image plane the point p is now
located at f(p) and the straight edges are transformed into arcs. If we were to sum
up the average complex curvature, for each of the arcs emanating form the vertex
at f(p), we would find that it vanishes.
If, however, for each arc we square the average complex curvature and sum up
the squares we have a quantity that does not vanish. Thus we can compute the
mean square value of the average complex curvature K˜, which we shall denote by
Q˜, this can be done, most easily, by integrating Eq.(6.25) with respect to φ over
the range 0 ≤ φ ≤ 2pi giving
Q˜ =
1
2pi
∫ 2pi
0
K˜(φ)
2
dφ. = Q˜0 + Q˜1|ξ|2 +O(|ξ|4)
where we find
Q˜0 =
1
2
( |f2(p)|
|f1(p)|2
)2
and
Q˜1 =
1
|f1(p)|2
( |f2(p)|4
|f1(p)|4
(
11
32
− 5
12
Re
[
f1(p)f3(p)
(f2(p))2
])
+
1
8
|f3(p)|2
|f1(p)|2
)
. (6.27)
There are two circumstances under which Q˜ = Q˜0 = Q˜. The first, which is the
trivial case, is when the lattice spacing |ξ| of the original lattice in the z-plane
vanishes. The second case is complex inversion f(z) = 1/z (or more generally a
bilinear transformation), for which we find Q˜1 = Q˜2 = Q˜3... = 0. The vanishing
of all the higher order corrections means that all the curves emanating from the
vertex at f(p) are circular arcs. It follows that, for a 2D foam or a quasi 2D foam,
Laplace’s law is satisfied by each of the arcs.
Let us now turn our attention to the mapping f(z) = z1/2 in this case we do
not expect Laplace’s law to hold for each of the arcs. We have already computed
the lowest order term in Eq.(6.27) and found that
Q˜0 = Q =
1
2R2
(see Eq.(4.6)). Upon substituting f(z) = z1/2 into Eq.(6.27) we find
Q˜1 =
7
128
1
r3
=
7
128
1
R6
.
where we have transformed from the coordinates in the z-plane (r, λ) to the w-plane
coordinates (R,Λ) by using the relationship
√
r = R. Assuming that the original
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lattice has a constant lattice spacing |ξ| we can say that a 2D foam, or a quasi 2D
foam, is capable of producing a good approximation of a conformal lattice when
Q˜1|ξ|2 = 7
128
|ξ|2
R6
is small. We see that this happens at regions a large distance form central (critical)
point of the conformal lattice, i.e when R >> (7/128)1/6|ξ|1/3.
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